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In this paper, for infinite-length sequences (or sequences), we prove that a sequence is
convergent with respect to the median filter with window width 2k + 1 if and only if the
sequence is locally convergent on a segment of length 2k − 1 in the sequence. Moreover,
the length 2k− 1 is minimal for k 6= 2, 3.
© 2008 Elsevier B.V. All rights reserved.
1. Introduction
The median filter, introduced by Tukey as a running statistic for the analysis of time series [4], is a practical smoothing
device. In the case of infinite-length input, the complete classification of roots to the median filter was obtained [2]
and properties of recurrent sequences to the median filter were investigated [1]. There has been some research on the
convergence of the output of iterated median filters in case of infinite-length input, and some sufficient conditions were
given [3,5,6]. But those conditions are not necessary. In this paper, we give a necessary and sufficient condition.
In this paper, k is a fixed positive integer, Z is the set of integers, and R is the set of real numbers. Let Ω is the set of
double-infinite sequences of real numbers.
Definition 1. If Fk : Ω → Ω satisfies that, for any x = {x(n)} ∈ Ω, Fk(x)(n) is the (k+ 1)th largest value (median value) of
the following 2k+ 1 numbers:
x(n− k), . . . , x(n), . . . , x(n+ k),
then Fk is called the median filter with window width 2k+ 1.
Definition 2. Suppose that Fk is themedian filter with width 2k+1. For any x ∈ Ω , let x(1) = Fk(x), x(p+1) = Fk(x(p)), p ≥ 1.
• If x(1) = x, then x is called a root of Fk;
• If x(1) 6= x and there exists s ≥ 2 such that x(s) = x, x is called a recurrent sequence of Fk;
• Suppose∆ ⊂ Z. If for each n ∈ ∆, limp→∞ x(p)(n) exists and is finite, then x is called locally convergent with respect to
Fk on∆;
• If limp→∞ x(p)(n) = r(n) is a real number for each n ∈ Z, x is called convergent with respect to Fk, denoted by
x(p) → r(p→∞), where r = {r(n)}n∈Z.
The main result of the paper is the following theorem.
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Theorem 1. Suppose that Fk is the median filter with window width 2k+ 1 and x ∈ Ω . Then x is convergent with respect to Fk
if and only if there exists n0 ∈ Z such that x is locally convergent with respect to Fk on ∆ = {n0, . . . , n0 + 2k − 2}. Moreover,
2k− 1, the number of elements of ∆, is minimal for k 6= 2, 3.
Note: The minimal above is in the sense that there exists a sequence x ∈ Ω such that x is locally convergent with respect
to Fk on∆ = {n0, . . . , n0 + 2k− 3} for some n0 ∈ Z, but the sequence x is not convergent with respect to Fk.
2. Proof of Theorem 1
We first give some known results which will be used for the proof.
Proposition 1 ([5]). If x ∈ Ω is a root of Fk, then either all segments with length k + 1 in x are monotone (Category I) or all
segments with length k+ 1 in x are not monotone (Category II). If x is a Category II root of Fk, then x is binary (bi-valued).
Proposition 2 ([1]). If x is a recurrent sequence of Fk, then it is binary and x(2) = x. Moreover, all segments with length k+ 1 in
x are not constant segments.
By the definition of Fk, suppose that x ∈ Ω with x(n) ∈ {−1, 1} for each n ∈ Z, we have
x(1)(n) =

1, if
n+k∑
i=n−k
x(i) ≥ 1,
−1, if
n+k∑
i=n−k
x(i) ≤ −1,
n ∈ Z.
Lemma 1. Suppose that Fk is the median filter with window width 2k+ 1 and α ∈ Ω with α(2) = α. If there exists some n0 ∈ Z
such that α(1)(i) = α(i), i ∈ ∆ = {n0, . . . , n0 + 2k− 2}, then α is a root of Fk.
Proof. Assume that α is not a root of Fk. Then α is a recurrent sequence of Fk and α is binary by Proposition 2. Without loss
of generality, suppose that α is a sequence whose elements are 1 or−1, and n0 = 1− k. From the conditions of the lemma
we have
α(2) = α, α(1)(i) = α(i) 1− k ≤ i ≤ k− 1. (1)
Thus, we first have the following result.
(P) If, for some n, α(n) = 1, α(n+ 1) = −1, then
α(1)(n− k) = 1, α(1)(n+ 1+ k) = −1,
n+k∑
i=n+1−k
α(1)(i) = 0;
If, for some n, α(1)(n) = 1, α(1)(n+ 1) = −1, then
α(n− k) = 1, α(n+ 1+ k) = −1,
n+k∑
i=n+1−k
α(i) = 0.
In fact, for the first part of (P), by α(2)(n) = α(n) = 1, α(2)(n+ 1) = α(n+ 1) = −1, and the definition of Fk, we have
n+k∑
i=n−k
α(1)(i) ≥ 1,
n+1+k∑
i=n+1−k
α(1)(i) ≤ −1. (2)
Therefore
α(1)(n− k)− α(1)(n+ 1+ k) =
n+k∑
i=n−k
α(1)(i)−
n+1+k∑
i=n+1−k
α(1)(i) ≥ 2. (3)
Since α(1)(j) = 1 or−1 for each j ∈ Z, we have
α(1)(n− k) = 1, α(1)(n+ 1+ k) = −1.
Thus, by (3), we conclude that
∑n+k
i=n+1−k, α(1)(i) ≤ 0 and
∑n+k
i=n+1−k α(1)(i) ≥ 0. Thus,
n+k∑
i=n+1−k
α(1)(i) = 0.
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The second part of (P) follows using the same arguments as before and the fact that α(2) = α.
Without loss of generality, now we suppose that α(−1) = 1. Let
m = max{n : α(j) = 1, for all j = −1, 0, . . . , n}.
By Proposition 2
− 1 ≤ m ≤ k− 2. (4)
Case 1:m = −1.
In this case, we have α(−1) = 1, α(0) = −1. By (P), α(1)(k) = α(1)(−1+ 1+ k) = −1. Again from the first condition of
the lemma it follows that α(1)(−1) = α(−1) = 1, α(1)(0) = α(0) = −1. Therefore, by (P), α(k) = α(−1 + 1 + k) = −1.
Thus, α(1)(k) = α(k).
Case 2:m = 0.
In this case, we have α(0) = 1, α(1) = −1. By (P),∑ki=1−k α(1)(i) = 0. Again from the first condition of the lemma it
follows α(1)(0) = α(0) = 1, α(1)(1) = α(1) = −1. Hence from (P) we get that∑ki=1−k α(i) = 0. Thus, from (1) it follows
α(1)(k) = α(k).
Case 3:m ≥ 1.
In this case, by (4) we have 1 ≤ m < m + 1 ≤ k − 1, α(m) = 1, α(m + 1) = −1. Therefore, by (P) and the above
reasoning,
m+k∑
i=m+1−k
α(1)(i) = 0 =
m+k∑
i=m+1−k
α(i).
But 1− k ≤ m+ 1− k ≤ k− 1. So by (1) and the above formula, we have
m+k∑
i=k
α(1)(i) =
m+k∑
i=k
α(i). (5)
Let
E1 = {j : k ≤ j ≤ m+ k, α(1)(j) 6= α(j)}
E2 = {j : k ≤ j ≤ m+ k, α(1)(j) = α(j)}.
Thus, by (5)
∑
j∈E1 α
(1)(j) =∑j∈E1 α(j). But, by the definition of E1,∑j∈E1 α(1)(j) = −∑j∈E1 α(j). Hence∑
j∈E1
α(j) = 0. (6)
Now we consider two cases.
(1) If E1 is empty.
In this case, k ∈ E2. So we have α(1)(k) = α(k).
(2) If E1 is not empty.
In this case, we will prove that k ∈ E2. In fact, assume that k ∈ E1. In this case, by (6), |E1|, the number of elements of E1,
is not less than 2, i.e., |E1| ≥ 2. Again let
E3 = {j ∈ E1 : α(j) = α(k)}; E4 = {j ∈ E1 : α(j) 6= α(k)}.
Then
0 =
∑
j∈E1
α(j) =
∑
j∈E3
α(j)+
∑
j∈E4
α(j) = (|E3| − |E4|)α(k).
So |E3| = |E4|. Since |E3| + |E4| = |E1| ≥ 2, |E4| ≥ 1, i.e., E4 is not empty. Taking a fixed element l ∈ E4 ⊂ E1, then
k+ 1 ≤ l ≤ m+ k.
If α(k) = 1, then α(l) = −1, α(1)(l) = 1, α(1)(k) = −1. So, by the definition of Fk,∑l+ki=l−k α(i) > 0,∑2ki=0 α(i) < 0.
Therefore
l+k∑
i=l−k
α(i)−
2k∑
i=0
α(i) =
l+k∑
i=2k+1
α(i)−
l−k−1∑
i=0
α(i) > 0. (7)
Since−1 < 0 ≤ l− k− 1 < m, by the definition of m,∑l−k−1i=0 α(i) = l− k. Thus, from (7) we have∑l+ki=2k+1 α(i) > l− k.
But there are l− k terms in∑l+ki=2k+1 α(i). Thus, we get a contradiction.
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But if α(k) = −1, then α(l) = 1. So, by α(2)(k) = α(k) = −1 and α(2)(l) = α(l) = 1,we have
l+k∑
i=l−k
α(1)(i) > 0,
2k∑
i=0
α(1)(i) < 0,
l+k∑
i=l−k
α(1)(i)−
2k∑
i=0
α(1)(i) =
l+k∑
i=2k+1
α(1)(i)−
l−k−1∑
i=0
α(1)(i) > 0. (8)
Since 0 ≤ l− k− 1 ≤ m− 1 ≤ k− 1, from (4) and the definition ofmwe conclude that∑l−k−1i=0 α(1)(i) = l− k. Thus, by (8)
we have that
∑l+k
i=2k+1 α(1)(i) > l− k. But there are only l− k terms in
∑l+k
i=2k+1 α(1)(i). Thus, we also get a contradiction.
The above argument shows that k ∈ E2. Therefore α(1)(k) = α(k).
Summarizing the above results, from the conditions of the Lemma it follows α(1)(k) = α(k). By the similar argument,
we can get that α(1)(n) = α(n) for each n ≥ k+ 1 or n ≤ −k. So α is a root of Fk. It contradicts the assumption that α is not
a root of Fk. Thus, we complete the proof of the lemma. 
Now we prove Theorem 1. To do so, we need the following result.
Proposition 3 ([5]). Suppose that Fk is the median filter with window width 2k + 1 and x ∈ Ω. Then both {x(2p)}p≥1 and
{x(2p−1)}p≥1 are convergent. Let x(2p) → α, x(2p−1) → β . If α = β , then x(p) → α, where α is a root of Fk. If α 6= β , then both
α and β are recurrent sequences of Fk; also α(1) = β and β(1) = α.
Proof of Theorem 1. Necessity. It is trivial.
Sufficiency. Assume that x ∈ Ω is not convergent with respect to Fk. By Proposition 3, let
x(2p) → α(p→∞), x(2p−1) → β(p→∞), α 6= β,
where both α and β are recurrent sequences of Fk. By Proposition 2, α and β are all binary; also α(1) = β and β(1) = α.
From the conditions of the theorem we have
α(2) = α α(i) = β(i) = α(1)(i), n0 ≤ i ≤ n0 + 2k− 2.
Thus, by Lemma 1 we have that α is a root of Fk. It contradicts the fact that α is a recurrent sequence of Fk. Therefore, x is
convergent with respect to Fk.
Now we first show that 2k− 1, the number of elements in∆ = {n0, . . . , n0 + 2k− 2}, is minimal when k ≥ 4. To do so,
it is sufficient to see the following sequences.
x ∈ Ω is a periodic sequence with a period {x(n)}4k+6n=1 (k ≥ 4), where
{x(n)}4k+6n=1 = {00 · · · 0︸ ︷︷ ︸
k−3
1100 11 · · · 1︸ ︷︷ ︸
k−2
001 00 · · · 0︸ ︷︷ ︸
k−3
111000 11 · · · 1︸ ︷︷ ︸
k−3
0110}.
It is easy to verify that x(1) is a periodic sequence with a period {x(1)(n)}4k+6n=1 , where
{x(1)(n)}4k+6n=1 = {00 · · · 0︸ ︷︷ ︸
k−3
1100 11 · · · 1︸ ︷︷ ︸
k−3
00111 00 · · · 0︸ ︷︷ ︸
k−2
10 11 · · · 1︸ ︷︷ ︸
k−2
00011},
and x(2) = x. Thus, limp→∞ x(p)(n) = x(n), 1 ≤ n ≤ 2k − 2, i.e., x is locally convergent with respect to Fk on
∆ = {1, . . . , 2k − 2}. But it is clear that x is not convergent with respect to Fk. This shows that 2k − 1, the number of
elements in∆ in Theorem 1, is minimal when k ≥ 4.
Next we will prove that∆ = {n0, n0+ 1} and∆ = {n0, n0+ 1, n0+ 2}, respectively, are minimal subsets such that local
convergence of Fkw.r.t.∆ implies convergence of Fk for k = 2 and k = 3, respectively.
For k = 2, if x ∈ Ω is not convergent with respect to F2, as the proof above, then we have that both α and α(1) are
recurrent sequences of F2 and
α(2) = α α(i) = α(1)(i), i = n0, n0 + 1, α(n0 + 2) 6= α(1)(n0 + 2).
Without loss of generality, suppose that α is the recurrent sequence whose elements are 1 or −1, and n0 = 0, α(0) = 1.
Thus, we only consider the two cases: (α(0), α(1)) = (1, 1), (1,−1).
Case 1: (α(0), α(1)) = (1, 1). In this case, if α(2) = 1, then α is not a recurrent sequence of F2. Thus, we get a
contradiction. If α(2) = −1, then α(1)(2) = 1, so α(1)(i) = 1, i = 0, 1, 2. Therefore α(1) is not a recurrent sequence of
F2. Thus, we also get a contradiction.
Case 2: (α(0), α(1)) = (1,−1). In this case, using (P) in Lemma 1 for α(0) = 1, α(1) = −1 and α(1)(0) = 1, α(1)(1),
respectively, we have that α(3) = α(1)(3) = −1. If α(2) = −1, then α is not a recurrent sequence of F2. Thus, we get a
contradiction. If α(2) = 1, then α(1)(2) = −1, so α(1)(i) = −1, i = 0, 1, 2. Therefore α(1) is not a recurrent sequence of F2.
Thus, we also get a contradiction.
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The argument above shows the assumption that x ∈ Ω is not convergent with respect to F2 is false. Therefore, x ∈ Ω is
convergent with respect to F2.
For k = 3, if x ∈ Ω is not convergent with respect to F3, as the proof above, then we have α and α(1) are recurrent
sequences of F3 and
α(2) = α α(i) = α(1)(i), i = n0, n0 + 1, n0 + 2.
Without loss of generality, suppose that α is the recurrent sequence whose elements are 1 or −1, and n0 = 0, α(0) = 1.
Thus, we only consider the four cases: (α(0), α(1), α(2)) = (1,−1, 1), (1, 1,−1), (1,−1,−1), (1, 1, 1).
Case i: (α(0), α(1), α(2)) = (1,−1, 1). In this case, using (P) in Lemma 1 for α(0) = 1, α(1) = −1 and α(1)(0) =
1, α(1)(1) = −1, respectively, it follows that α(4) = α(1)(4) = −1. So if α(3) = α(1)(3), from Lemma 1 it follows that α
is a root of F3. It contradicts that α is a recurrent sequence. Therefore, α(3) 6= α(1)(3). Without loss of generality, suppose
α(3) = 1. Thus, α(1)(3) = −1. So
(α(0), α(1), α(2), α(3), α(4)) = (1,−1, 1, 1,−1)
(α(1)(0), α(1)(1), α(1)(2), α(1)(3), α(1)(4)) = (1,−1, 1,−1,−1).
But if using (P) in Lemma 1 for α(1)(2) = 1, α(1)(3) = −1, then α(−1) = 1. Thus,
(α(−1), α(0), α(1), α(2), α(3), α(4)) = (1, 1,−1, 1, 1,−1).
By the definition of F3, α(1)(1) = 1. But α(1)(1) = −1, so we get a contradiction.
Case ii: (α(0), α(1), α(2)) = (1, 1,−1). In this case, using (P) in Lemma 1 for α(1) = 1, α(2) = −1 and α(1)(1) =
1, α(1)(2) = −1, respectively, it follows that α(−2) = α(1)(−2) = 1. If α(−1) = α(1)(−1), then α(i) = α(1)(i), i =
−2,−1, 0, 1, 2. So α is a root of median filter F3. Thus, we get a contradiction. If α(−1) 6= α(1)(−1), without loss of
generality, suppose α(−1) = 1, so (α(−2), α(−1)α(0), α(1), α(2)) = (1, 1, 1, 1,−1). Therefore, α is not a recurrent
sequence of F3. Thus, we also get a contradiction.
Case iii: (α(0), α(1), α(2)) = (1,−1,−1). It is analogous to Case ii.
Case iv: (α(0), α(1), α(2)) = (1, 1, 1). In this case, if α(3) 6= α(1)(3), without loss of generality, suppose α(3) = 1,
then (α(0), α(1), α(2), α(3)) = (1, 1, 1, 1). It is clear that α is not a recurrent sequence of F3. So α(3) = α(1)(3). Since
α is a recurrent sequence of F3, α(3) = α(1)(3) = −1. Again, using (P) in Lemma 1 for α(2) = 1, α(3) = −1 and
α(1)(2) = 1, α(1)(3) = −1, respectively, it follows that α(−1) = α(1)(−1) = 1. So, α(i) = α(1)(i), i = −1, 0, 1, 2, 3.
From Lemma 1 it follows that α is a root of F3. Thus, we get a contradiction.
Based on the arguments above, x ∈ Ω is convergent with respect to F3.
To show their minimality, it is sufficient to see the following sequences.
For k = 2, let x = {x(n)}n∈Z be a periodic sequence with a period x[1, 6] = 011001. It is to easy to verify that x(1) is a
periodic sequence with a period x(1)[1, 6] = 110100, and x(2) = x. Thus, {x(p)(2)}p≥1 is convergent and {x(p)(j)}p≥1 is not
convergent, j = 1, 3.
For k = 3, let x = {x(n)}n∈Z is a periodic sequence with a period x[1, 8] = 11101000. We readily verify that x(1) is
a periodic sequence with a period x(1)[1, 8] = 01110001, and x(2) = x. Thus, {x(p)(j)}p≥1 is convergent, j = 2, 3, and
{x(p)(j)}p≥1 is not convergent, j = 1, 4. 
3. Locally finitely convergent sequences
In this section, based on Theorem 1 we study another an interesting property of the median filter Fk. We first give the
following definition.
Definition 3. Suppose that Fk is a median filter with width 2k + 1 and x ∈ Ω . If for each n ∈ ∆ ⊂ Z, there exists pn ∈ N
such that
x(p)(n) = x(pn)(n), for all p ≥ pn,
then x is called locally finitely convergent with respect to Fk on∆; if∆ = Z, x is called finitely convergent with respect to Fk.
Remark. It is clear that If x is finitely convergent with respect to Fk, then x is convergent with respect to Fk. The converse is
not true.
Example. Let k = 2, and {an}n≥1 satisfy: an > an+1, for all n ≥ 1 and limn→∞ an = 0.
n · · · −5 −4 −3 −2 −1 0 1 2 3 4 5 · · ·
x · · · 0 a3 0 a2 0 a1 0 a2 0 a3 0 · · ·
x(1) · · · 0 a4 0 a3 0 a2 0 a3 0 a4 0 · · ·
x(2) · · · 0 a5 0 a4 0 a3 0 a4 0 a5 0 · · ·
x(3) · · · 0 a6 0 a5 0 a4 0 a5 0 a6 0 · · ·
x(4) · · · 0 a7 0 a6 0 a5 0 a6 0 a7 0 · · ·
x(5) · · · 0 a8 0 a7 0 a6 0 a7 0 a8 0 · · · .
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It is evident that the sequence x is convergent with respect to F2, but x is not finitely convergent with respect to F2. A
natural problem is what properties finitely convergent sequences with respect to Fk have. On this problem, we first give the
following known result.
Lemma 2 ([6]). Suppose that Fk is a median filter with width 2k + 1 and x ∈ Ω is locally finitely convergent with respect to Fk
on∆. If ∆ = {n0, . . . , n0 + k} and r(n0), . . . , r(n0 + k) is monotone, where r(n) = limp→∞ x(p)(n) = r(n), n ∈ ∆, then x is
finitely convergent with respect to Fk.
Applying Theorem 1 and Lemma 2, we obtain the following result:
Theorem 2. Suppose that Fk is a median filter with width 2k+ 1 and x ∈ Ω . If there exists n0 ∈ Z such that x is locally finitely
convergent with respect to Fk on∆ = {n0, . . . , n0 + 2k− 2}, then x is finitely convergent with respect to Fk.Moreover, 2k− 1,
the number of elements in∆, is minimal for k 6= 2, 3.
Proof. In fact, by Theorem 1, the sequence x is convergent with respect to Fk. Since x is locally finitely convergent with
respect to Fk on∆ = {n0, . . . , n0 + 2k− 2}, let α(n) and p0 be such that
lim
p→∞ x
(p)(n) = α(n), n ∈ Z; x(p)(n) = α(n), n0 ≤ n ≤ n0 + 2k− 2, p ≥ p0. (9)
It is clear that α ∈ Ω is a root of Fk.
If α is a root of category I of Fk, then by Proposition 1 we have that the segment α(n0), . . . , α(n0+ k) is monotone. Thus,
x is locally finitely convergent with respect to Fk on∆0 = {α(n0), . . . , α(n0 + k)}, therefore, from Lemma 2 it follows that
x is finitely convergent with respect to Fk.
If α = {α(n)} ∈ Ω is a root of category II of Fk, then by Proposition 1 we have that α = {α(n)} is binary. Without loss of
generality, let α(n) ∈ {−1, 1}, n ∈ Z . In this case, by (9) there exists a positive integer p1 ≥ p0 such that for p ≥ p1,
α(i) · x(p)(i) > 0, n0 − 1− k ≤ i ≤ n0 + 3k− 1. (10)
Next we will prove the following results:
(A) There exists a positive integer p3 such that
x(p)(n0 − 1) = x(p3)(n0 − 1), for p ≥ p3;
(B) There exists a positive integer p4 such that
x(p)(n0 + 2k− 1) = x(p4)(n0 + 2k− 1), for p ≥ p4.
Proofs of (A) and (B) are similar. So we only prove (A).
In fact, since α is a root of category II of Fk, by Proposition 1, α(n0), . . . , α(n0+k) is notmonotone. Therefore, there exists
an integer i, n0 ≤ i < n0 + k such that α(i) · α(i+ 1) = −1. Without loss of generality, let α(i) = 1, α(i+ 1) = −1. Thus,
from (9) we have
x(p)(i) = 1, x(p)(i+ 1) = −1 for p ≥ p1. (11)
Taking p3 = p1 + 1 and let p ≥ p3.
In this case, x(p+1)(i) = 1, x(p+1)(i + 1) = −1. Therefore, by the definition of Fk, there are k + 1 terms in {x(p)(i −
k), . . . , x(p)(i+ k)} not less than 1 and there are k+1 terms in {x(p)(i+1− k), . . . , x(p)(i+1+ k)} not more than−1. Notice
that there are only 2k+ 2 terms in {x(p)(i− k), . . . , x(p)(i+ k+ 1)}. Hence
|x(p)(n)| ≥ 1, i− k ≤ n ≤ i+ k+ 1.
Since i− k ≤ n0 − 1 ≤ i+ k+ 1, |x(p)(n0 − 1)| ≥ 1.
Case 1: x(p)(n0 − 1) ≥ 1.
In this case, since α is a root of category II of Fk, by Proposition 1, α(n0 − 1 − k), . . . , α(n0 − 1) is not monotone. Thus,
there exists i0, n0 − 1− k ≤ i0 ≤ n0 − 1 such that α(i0) = −1. Since p− 1 ≥ p1 ≥ p0, by (10) we get that x(p−1)(i0) < 0.
Again, by the definition of p and the assumption of Theorem 2, we have that all terms in {x(p−1)(n0), . . . , x(p−1)(n0− 1+ k)}
are not more than 1. Thus, by the definition of Fk, x(p)(n0 − 1) ≤ 1. Therefore, x(p)(n0 − 1) = 1.
Case 2: x(p)(n0 − 1) ≤ −1.
It is analogous to Case 1.
Thus, we complete the proof of (A).
From (A) and (B), by induction we can conclude that for each n ∈ Z there exists a positive integer pn such that
x(p)(n) = x(pn)(n) for p ≥ pn, i.e., the sequence x is finitely convergent with respect to Fk.
As in the proof of Theorem 1 it is easy to see that when k 6∈ {2, 3}, the size of∆ in the theorem, is minimal.
The proof of Theorem 2 is complete. 
Note: It is not clear yet whether or not Theorem 2 holdswhen∆ = {n0, n0+1} and∆ = {n0, n0+1, n0+2}, respectively,
for k = 2 and k = 3.
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